Matroid imeimi

Al 13&d Matroid

Definition 1.1. tet £ O] REYE Tof|l tis) M = (E,Z)°] ot 235 T

Y
AL ML Matroid&tl 2=t}
1. {}eZ
2. BC A€ZI= B eZ (hereditary property)

3. AABeZ,|Al>|B|= 3z e A\ Bs.t BU{x} €T (augmentation property)

s}

Matroid Mo|A Z9] Z} LAE = (Independent set)o]2tal F 2w, Fo] HRXIgto]z|qt

Zof Z3tE ] &= A £ (Dependent set)o|2tal F2tt.

JP

Definition 1.2. F2] BEX3S}L B7} ot 274 ¥H=ESH 49 B= Matroid M = (E,7)2] Base
SEEE
1. BeZ

2.VAst. BCACE,A#B=A¢7T
2= MatroidE= BaseE 7171t
Theorem 1.1. Matroid M = (E,T)9] 2-E Base9] Z7]&= Ztf.

Proof. 5 Base By, Bo7F EA5t0] | By| < | Bo|2tal 7H85EAL Matroid @] A o] oJsff » € By\ By
&l 27} EAote] BiU{z} € To]iL, o]= B;©] BaseQl Ao ot} whefA| BE Base] 27]+&=
2t E3F Basee} 27171 22 %%‘7&%‘% 5% Baseo|t}. O

Definition 1.3. F9] FEX3F C7} o}
Circuito|zta E2c}.

£

Z714L =S A9 C+= Matroid M = (E,7)9]

1.C¢T
22.VAst. ACCLA#C=AeTl

5 H H 2] stoll = (' : Z S & XS =M=
=YY FRATE Circuito] 4 4 g3, 40T #27

=)
=
rr

B2 %A Circuit

Theorem 1.2. Matroid M = (E,T)2] &= Circuit Cy # Co2lx € C1NCo tfsf (C1UC)\{x}
L }_ixloﬁo]c}
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Proof. A= (CLUC)\ {z}7} 53 1@'0]E]-J_ ZYASIAL. I = C1 N Co 2 5 Circuit 2] % 9o
ols C1 7 Co= ZSTAE 7HE & B2 1 CC,I# 0o, et [+ 53l

Case 1. |I| < |4|

Matroid®] Zgoe] osf Io] x € A\ I ¥4 25 F7lsto] |[|1E SHYGLE FAISHHA]
2718157002 & 9ek
Case 2. |I| = |A]

‘I‘ = ‘A‘ ‘Cl UCQ| —10]|2 C1NCy Cc Io|BR C Cc I EE Oy C IE WEG|of ottt
AR QA &AL Oy C I2Hal o, S5 Cro] SHAS 19 FiEAe| 22 Matroid 2]

A olol] mazoltt. whebA Ak A goltt.

O

Theorem 1.3. Matroid M = (E,1)J4 A € Z,a ¢ AE F2WH oS FI7Ix]5 sk A E
st
1. Au{a} e

2. B C AU{a} ¢l Circuit B7} {7 do}A] ZAJ5Fo] ¥e]e] b e B fisf (AU {a}) \ {b}7F

=gl

Proof. AU{a} € 7%l A9= 2gstEz2 AU {a} ¢ Z2tal 7}4skAL B € AU {a}%] Circuit

B7t A3 B £ Col3 € € AU {a}2 Cireuit C7F ZAGTHA A7 SR g ol7] Hh2o]

a € B,CoJt}. Theorem 1.29] o]}l (BUC) \ {a}= F&5- ot 18y (BUC)\ {a} C A

o|2= Matroid®] A jof] Reolt}. whebA AU {a}of ZH = Circuit A 5HA AR
Egt Cireuite] Helol] oo AU {a}e] BRG] F4ATolAH BE mgeof Bt RE

be Bof|l tis (AU {a})\ {0}= BE 2 & gL, whebA BF =73eto] Hoh O

Theorem 1.4. Matroid M = (E,I)Z} Z} Yx9] H-&8+ w : E — R, Jgro] v]-&gt
Wi T o Ro] FoAT W(X) = ey w(e)d 3¢, obdl ST &L 34 W(R)o] Fef7}
= e RE ol
1. E9] £ ey e9,--- ,e,0] BE2 <14 < nof giof wlei—1) > w(e;)E W&ol F

> g
el

>

2. R={}2=2 Ft. R Hggoltt.
3. iE 182E n7px] HHA] w(e;) > 00|22 RU{e;}7} ZHHGY F-2 R e; 5 F713H}.

4. R& W(R)o] Fd7} =& Fgho]t.
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2 A4S 4 St} i = k7HA] B
) < R, C Ai, Ai\ R; C {eit1, - ,en}
o]al W(A;)7F Z|tHQl M 2] Base A;7F A1 =814 AGH o2 Ho|z},

T7h A GolnE W(X)7 Afel X € T7F ZA5kT, Ao = X2 59 gga)

Case 2. k>1

o Al 71l oo 271-& WESH= Ap_1 0] TR

Ryp_1U{er} ¢ Z91 749 Ri—1 = Rpolth. e, € A2kl 7FgoA Ry U{er} C Ay €1
olB =z Rolth whebA Ay = 4 1 02 FES}

Ri_1U{er} € I A% Rp_1 U {er} = Rpolth e € Ap_121H A = A1 0= FHo}t.

RO R ep ¢ Ap_1%] 73-RE ZISHA Hrh Ri9F Ay 12> —1% Aol 2 & Matroid 2] 4
S5 o]-&sto] R;7F BaseZt & wi7hA] A1 0] 945 F7F 4 Ut o] He& BE 24} Rk\
{ex} C Ag—1,{ex} € Ap—1°1B= B\Aj_1 = {ex} oIt} Based] "47“01 Ol |Ax—1| = |B]°]
|Ag_1\B| =101, Ay 1\B = {e;} 22 22} Ap_1\Rp = Ar_1\ (Rr_1U{ex}) C {exs1- "€n}
OlmZ 1 > k4101 wier) < wler)olth. Wk W (B) = W(Ap_1)+wler) —wler) = W(Ag1)
o|at W(Ak 1) Z|tjo]7] "ol W(Ag—1) > W(B)o]|B= W(Ay_1) = W(B)°]i, A, = B

0 C Auy A\ Ry C {}O1B.2 R, = A,0]3, R, & W(R,)& 2 sh Qo] ®rh. O
Theorem 1.5. hereditary propertyS TFEs}x] U= M = (E,7)2} Z} {49] H[- g8+ w :
E = R, ko] H[E2+ W T — Ro] Fo[X L W(X) =) o w(z) ¥ F-2, Theorem 1.4°]
dug]Zo] gk W(R)o] 7} H& Jot RE 77X o7 of= Hl§e+ wrt EAettt.

Proof. AC BC E°|Xl A¢TZ,B eI A B7 EXgth th2i} -2 ]85 A oJokat.
2 (ze A
w(z) =<1 (ze€B\A) (1)

0 (otherwise)
149] W ZL A9 Y22 BT T2AL 2ot1, YuAS 18 § B o] o] & H|g-e
2o} 2(|A|-1)+(|B|—|A])olc}. T2t B Yas 2 749 % ug-2 2A|+(|B|—|Al)
2 o] &tk webA 140 SueEe A, -

Theorem 1.6. augmentation propertyE TFEs]z] &= M = (E,7)3} zF g49] H]-g8F+
w: E =R, Jeto] v+ W : T — Ro] FolR] T W(X) =3 .y w(x)¥ F-% Theorem
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©

1.49] gra]Fo]
i=

&+ W(R)o] H7} H= F3h RE o14] BolA] S HIGo+ vk £4

Proof. |A] < |BlolL 919]°] a € B\ Ao] s AU {a} ¢ T3 A, B € T7} ZA3tch. o183}
2o v g85E Yool

1+ % (x € A)
w(z) =41 (x € B\ A) (2)
0 (otherwise)

Theorem 1.49] &112|&2 A9 YAE BT I8 §, B\ A9 YA E olHE 1122 Folal
Bl40] 091 A5E 18 7 Btk o) ) & 8-S || (1+ i) < 4|+ bolck 2ait Bl
ot BE 3E e T ¥E2 (B > [A] + 12 ¢ 0. w2hA Theorem 1.49] Lil252

At X

Al 24 Span

Definition 2.1. Matroid M = (E,Z)°] tis] Rank &% ry : 28 — No2 ry(X) =
mazyeryex(Y)E ARtk Xo| gl ¥ € I,Y € Xolx ry(X) = [V]7} B VE X
o] I EHAFolgt F 2t 712 Matroid M 9] Rank:E 7y (E)2 AOEH, M2] Base
o] 271} At thF= Matroid7} st W= HOA ry = ro & 24}

Theorem 2.1. AC B=r(A) <r(B)
Proof. A°] SHE-AEL B ZFFDR r(4) < r(B)ol -
Theorem 2.2. 7(A) +r(B) >r(AUB)+r(ANB)

Proof. AN B ZEHHTS 12 A} Matroid®] Aelof ol I; € Il AU B9 2=
AT [2 9= 2 9tk [ = IN(A\B),I; = IN(B\ A),I, = I N (AN B)o.2 Aolsw
r(AUB) = |I| = |Io| + |I3] + [l4]o]eh. I C I,o]2 L1o] SH=HHUAC|ER [} = I4°]th
LUL C I, A0|B2 [, UL &30\ T |I)| + || < r(A)o]™, [ Ul; € I, BO|BE [, U s

+ FHA™C|L L] + |I3] < r(B)elt. Al At r(A) +r(B) > 2| + |L] + |I3] =
r(AUB) +r(AN B)oJtt. O

Definition 2.2. Matroid M = (E,Z)%} A C E° tsl] M4 AS] Span span(A) = {a €
BIr(AU {a}) = r(A)}2 Bl
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Theorem 2.3. A C B = span(A) C span(B)
Proof. a € span(A)Q]l BE qo] s} Theorem 2.22 A}-&5}4}.
r(Au{a}) +r(B) >r((Au{a}) UB)+r((AUu{a})NB) >r(BU{a}) +7(A) (3)
a € span(A)°] 2.2 span®] Hole] O8] r(AU {a}) = r(A)e]x, BEAE r(B) > r(BU{a})
U

7} "t} Theorem 2.19] oJ5f| »(B) < r(BU{a})o|B2& r(B) = r(BU{a})°]1, span?] % 2]
O3] a € span(B)o|tt. WatA span(A) C span(B)©|t}. O

Theorem 2.4. a € span(A) = span(AU {a}) = span(A)

Proof. Theorem 2.39] 9]3]| span(A) C span(AU{a})o]t}. span(AU{a}) C span(A)S Ho|A}
b € span(AU{a})el 2= bof tfdl] Theorem 2.25 AF-8-5}#}.

r(Aufa}) +r(AU{b}) = r(AU{a}U{b}) +r(AU({a}n{b})) = r(AU{a}U{b}) +r(4) (4)

a € span(A)°]E= span?] A2olof] Q5] r(AU {a}) = r(A)°|E&2 BS54 r(AU {b}) >
r(AU{a}U{b})7} Hc}. Theorem 2.1°] &5} r(AU{b}) < r(AU{a}U{b})o]BE r(AU{b}) =
r(Au{a}U{b})olt}. b € span(AU{a})o| B2 r(AU{b}) = r(AU{a})°]1L, a € span(A)o] B2
r(AU{b}) = r(A)o]1L, span®] A 2Jof| &J5}| b € span(A)o|tt. watA] span(AU{a}) = span(A)

]

=y O

(]

Theorem 2.5. span(span(A)) = span(A)

Proof. span(A) ={a1, - ,a,} 22 T2} span(A) = span(AU{a1}) = span(AU {a1,a2}) =
<o =span(AU{ay, - ,a,}) = span(span(A)) O

Theorem 2.6 (Strong Base Exchange Theorem). Matroid M = (E,Z)9] Base By # B2}

x € B1\ Byol diefl y € By \ Byl X519 (B \ {z}) U {y}, (B2 \ {y}) U {z} 7} ZF M9
Baseo]rl.

Proof. By U{z}= FE0]|2E Theorem 1.39] Q5] By U {z}o]] ZgE+= FASH Circuit
Co] ZAFIh B, HEAGFE BE EANGO|BE o € Colck. Theorem 2.39] o8] «
span(C \ {z}) C span((B1 U C)\ {z})o]al, z € span((B1 U C) \ {z})°]2& Theorem 2.49]|
5] span((By U C)\ {z}) = span(B; U C)o|t}. B1°] Baseo]|2& span((B1 UC)\ {z}) =
span(By U C) = E°|t}. span((B1 U C) \ {z}) = EQl AL (B1 UC) \ {z}7} BaseE Z3sot=
A1} Fx]o]t}. o] BaseE B3 o2 FAt.

B\ {z}et B2 S HCIL, (B \ {z}| + 1 = [Bs|olth. W&k y € Bs\ (B1\ {z})7}
A5 (B1\{z})U{y}= BaseZt Fet. B3\ (Bi\{z}) C (BiUC)\{z})\(B1\{z}) € C\{z}

5
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olng ye C\{z}7} Hlo] y € By \ B1o|t}. TSt Theorem 1.39]] 2|3} (B2 \ {y}) U{z}x= Base
ol =

Theorem 2.7. Matroid M = (E,7)2] = =& 3eF A+ Bl x € A\ B7} Q117 |A| = |B|o]4,
y € B\ AZF ZA}] (A\{x}) U{y}et (B\{y}) U{z}7} SH ol

Proof. Matroid N = (E,{n|n € Z,|n| < |A|})E A 2o}lH N4 A, BE Baseo|t}. Theorem
2.69] o5} YTt -

Al 3  Matroid Intersection
Definition 3.1. Matroid M = (F,7)3% SH3 g Xof tfs)] f-Fo]l 21 Dy (X)E ot=iet
o] A ojgitt.

Dy (X) = (B, {(u,v)lu € X,v € B\ X, (X \ {u})U{v} € I}) (5)

Theorem 3.1. Matroid M = (E,7)9] = Z& el A+ B7F|A| = |B|& TF&51H Dy (A)
AABOJA] perfect matchingS 7FRItl. (AAB = (A\ B)U(B\ A))

rr

Proof. |AAB| = k& T3 54 JdH-S AHE5HAL

Case 1. k=0

A xlo] gl B2 perfect matching®|T}.
Case 2. k> 1

276 95 x € A\ B,y € B\ A%l z,y7t ZAte] C = (B {y}) U {«}7F Ed W@l
ok [AAC| < [AAB|o|AL [A] = |Clo]B& 43+ A o] 7ol ol Dy (A)= [AAC|Y
A] perfect matching= 7}F2It}. o] perfect matching®l (x,y)E F7FoMH |AAB|o| A4 9] perfect
matchingo] FHt}.

]

Theorem 3.2. Matroid M = (E,7)9] S8 el Av} B C EQl F= Jglo] EAs}of |A| = |B|
o)1, Dy (A)7F AABOJA] 7 LSt perfect matchingS ZFXICHH BE= Z#Fglo]ct.

-

Proof. 7] o}gf] HxA a2 Z=1s}a}.

Lemma 3.2.1. G = (X,Y,E)7} E9] 7} ZHo] X9} Y Apo]& Qi ol 7e]mo]w, G
ZF 7 Y3F perfect matching M-S ZFZICHH ofg] 2AS BFESIEE X = {1, -+ ,x,},Y =
{yla”'7yn} E_,_Exy‘:—'ﬂ} Q/ZE}

{(xlayl)v"' 7(xn7yn)} C M,Vl <1 <j <n= (:Bivyj) ¢ E (6)
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Proof. & o] ZStE]=

of Wk ol o] [5F
& foA o viA
olE=Z Y &AE
ol T(zi—1) > T(z;)7}
ol T(zi) > T(yi)7t &

AL YOl X2 7AEE, Uuld] ZHASS X4 Y2 7Hes 74
7 H

1
Zof| A Afo]Zo] EAE ¢ AtelE floll e TS ¥

H

me o

L4
L2 ]
re

BxA o A\ B = {z1,---, 2.}, B\ A = {y1,- - ,yn} 22 & = 5 U0t
B7} F448ol2n P95k C C B4l Cirenit C7F 248K, ys € €91 7} SRt ol &
Aot ol i AE AEAL O\ {y:}o] ¥ae AN Bl &aAY y; (i < j)olth. o
2tA C\ {yi} C span(A\ {z;})°]tt. Theorem 2.37} Theorem 2.5f &J5}| span(C \ {y;}) C
span(span(A\ {z;})) = span(A\ {z;})°]t}. C= Circuito]7] Wf&of y; € span(C \ {y;}) C
span(A\{zi})olth. yi € span(A\{zi})et= A2 r(A\{zi}) = r((A\{z:}) U{w:}) == 280,
r(A\{z:}) <|A| =r((A\{z:}) U{y:})elB= HEoltt ety Be S gl O

Theorem 3.3. Matroid My = (E,I;), M2 = (E,Z5) 2] Rank functions Z}ZF r,ro8f1 & 1,
maxxer,nz, (| X|) < minxcp(ri(X) +ra(E\ X)) o]t

Proof. 919|9] A€ I, NIy, B C ES| 43l ANB € Iy, A\ B € T,0| 1, wkabA] |A| = |ANB| +
|A\ B < r1(B) +r2(E\ B)oltt.

O

Definition 3.2. Matroid My = (E,7:), My = (E, )l thall FFolE1H=Z Dy v, ()=
Dar (1)€] 23} Da (D)2 HE AT B2 24 G092 1e)m= gear.

Theorem 3.4. U = {z|lz € E\I,IU{2} € T,},V = {z|z € E\ [,LIU{z} € Tr} ¢ {

U, Vol tiol Dy, (1) ZHIE AFS-S) U2] FHNA VY YH Lz o]gohe HY J=2&5
o)et 514

1. Ro] EAIo1A] gl I+ TNy oA 71 2 Fgkol i, [I] = minxcp(ri(X) +r2(E\
X))ol

=y

2. Ro] ZAgHd J = IAR € Ty NT,0] 1 |J| = |I| + 10|t}

mpata] I = {}ofJA] AlFfste] Ro] Ak F-7 I& IARCEZ BFE1l, RO] EAI612] gl o

SHohs duglE2 LinhoX 7 2 Fe 1 & 2=t

Proof.
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Case 1. Ro] £A|5}#] ¢

Uy VZ7F FHelgtd 171 Hdid2 Argstt. & 25 s3] otz X5 V= 7=
A7} 2= AHo] Agto g Holslal. Un X 2 1613'01_1_ X C Volrt.

r1(X) > [INX[2FaL 714 61t Matroid €] A ool &fsff » € X\ I7F EAsto] (INX)U{x} €

Zi0] ©th a= Xof ZEo] Uoles ZgdE = Qlong Ju{z} ¢ iolth. UnX)u{z} ey
o|i I € ZyolB® y € I\ X7} EAISt] (1 U {z}) \ {y} € Zio] ot 1WA (y,x) H4do]
ZA5HAL, v € X2ty ¢ X}lol|&e Bl yol A VE 7t F 27 EAst R R Kot A
r1(X) < |[InX|o]th

ro(E\ X) > |I'\ X|2}al 745kt Matroido] A oje] o] = ¢
(IN(E\X))U{z} € o7} A}, o= X o] matE]7] oo} Vo= matd 4 glona [u{z) ¢ T
. (IN(E\X))U{z} € ,al I € T,o|B2 y e I\ (E\ X)7} ZA5k] (1 U {z})\ {y} € T7}
=t 28W (z,y) 7PA0] 2A61T, y € Xt 2 ¢ XY= B35t 204 VE 7t AR}
EAstE R Holth whebA] ry( £\ X) < |1\ X o]t

2 & A2 Theorem 3.39f &5l 71 (X)+r2(E\X) < [INX|+|[I\X| = |I] < ri(X)+r2(E\X)
ot} =, [I| = r1(X) + r2(E \ X)0] 1, Theorem 3.3 ©]5} o] Hcjo]c}.

Case 2. Ro] &4t

R=yo, 1, ,Tn,yn 02 FHw; € [,y; ¢ IO|1BZ |J| = |I[+10] H1L, J = {yo, - ,yn}U
(I\{z1,- -,z p)olth A= {y1,- -y U\ {21, - 20 }) 2 T2 1 <0 < noll ol (24, v:) 5
oA sHH o] A2 Dy, ol A AATS] L3t perfect matchingo|t}. -§-U 5] oFthH Theorem
3.29] HEA ofs) 1 < i < j < nolal M (a4,y;)7F EASH=T, ol= Ro] T3 =<
Zof B<oltk AATS] §YU3t perfect matching®o] £A5FE 2 Theorem 3.29] ]3] A= M, 9]
=27l

Ro| A 2o]7] wjZof yo € UCaL i > 1o tisiM= y; ¢ Uolth. T U {y;} ¢ Z1°]2
ri(ITUA) = |I| = |Alo|th. TU{yo} € Zro|a |I]| = |A|°]E2 a € (IU{yo}) \ A2l a7} EA5}o]
AU{a} e Ziolth. a e IEtH |A| = ri(I U A) > |A| + 17} o] R0]B 2 g = yoo|t}. ufehA]
AU{y} = J € Z;0]t}.

A={yo, yp1} U\ {21, 2} )2 TR U A VE AMESHE J € e B ¢
UTH WA J € T N Zz0]H

(B\ X)\ I7} ZA5}]

O
Theorem 3.5 (Min-max Formula). Matroid My = (E,Z,), My = (E,Z2) 2] Rank functions
ZFzhry,roetal & o, marxer,ng, (|X]) = minxcr(ri(X) + Tz(E\ X))olrt.
Proof. Theorem 3.31} Theorem 3.42] construction©f 2|3} AJ = Stct. O
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Theorem 3.6. 37 0]&FC] Matroid Intersection& NP-Hard ZAJo]C}.

Proof. S8l o] 71 A EE A 251At 7, & & A4 9] indegree”} 1 0|5}l 7HA 9] X9t

- = = H 9
8 e REAHAY outdegreeﬂ‘ 1 o]atel 7hA Q] ATt RO 7,2 v BAISLS o forest

£ FASHE 0 A g g HAUS v, (E,Th), (E, L), (E,Z3)2] Matroid Intersection

& Hamiltonian paths} 7]0] L, 0|3 NP-Hard £4o]c}. =



